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Determination of the Order of the Groups of Isomorphisms 
of the Groups of Order p 4 , where p is a Prime, 

By Ross W. Maebiott. 



It is well known that the group of isomorphisms of a group G, of prime 
order p, is a group of order p — 1, and that the group of isomorphisms of a 
group of order p 2 is a group of order p (p — 1) and cyclic, if the group of 
order p 2 be cyclic. It is isomorphic with the linear homogeneous group on p 2 
variables (mod p), if the group of order p 2 be not cyclic. 

Western in his paper, "Groups of Order p s q," Proceedings of London 
Mathematical Society, Vol. XXX, treated the isomorphisms of groups of 
order p s . 

A knowledge of the groups of isomorphisms of a group is essential in the 
work of constructing groups having the given group as a subgroup. The iso- 
morphisms of the groups of order p, p 2 , p s are of fundamental importance for 
example in the work of tabulating all groups of the orders p 2 *, p 2 qf, p 2 qr\, 
p s §, p 3 q\\. 

It is obvious that the determination of the orders of the groups of iso- 
morphisms of all groups of order p 4 must precede the tabulation, for example, 
of all types of groups of order p*q. This latter tabulation is logically the next 
problem of this character which remains to be undertaken, the orders p 5 ^, 
p s q 2 **, pqrstff having been previously treated. 

It is the purpose of this paper to determine the order of the groups of 
isomorphisms of all groups of order p*. For the sake of convenient references, 

* Burnside, "Theory of Groups"; Young, "On the Determination of Groups whose Order is the 
Power of a Prime, American Journal op Mathematics, Vol. XV (1893) ; Cole and Glover, American 
Journal of Mathematics, Vol. XV (1893) . 

t Burnside, "Theory of Groups"; Cole and Glover, American Journal or Mathematics, Vol. XV 
(1893) . 

t O. E. Glenn, Tram, of Amer. Math. Soc, Vol. VII, No. 7. 

§ Burnside, "Theory of Groups"; Young, loo. oit.; Cole and Glover, loo. oit. 

|| Western, Proo. of London Math. Soc, Vol. XXX. 

If Bagnera, Armali di Matematioa (1898), pp. 137-228. 
** M. O. Tripp, "Groups of Order p'qK" 
ft Holder, Gottinger Kaohrichten (1895), pp. 211-229. 
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I shall recall a few of the well-known definitions and theorems, regarding iso- 
morphisms. 

Suppose two groups, G and G', are so related that to each element, g' of G', 
corresponds one or more elements, g, g lt g 2 , .... of G ; while reciprocally to 
each element, g of G, corresponds one or more elements, g', g' x , g' 2 , . . . . of G'- 
Suppose further, that if g { and g s are elements of G corresponding to elements 
g'i and g\ of G', g^j is an element of G corresponding to g\ g' t of G'. Then, G 
and G' are said to be isomorphic. 

If I elements of G correspond to each element of G', and k elements of G' 
correspond to each element of G, G and G' are said to have an (I, Jc) isomorphism 
with each other. The most important case is that in which l = k = l. Then G 
and G' are called simply isomorphic. Or, what is the same thing, if G and G 
be two groups of equal order, and if a correspondence can be established 
between the operations of G and G , so that to every operation of G there 
corresponds a single operation of G , and to every operation of G there corre- 
sponds a single operation of G, while to the product PQ of any two operations 
of G, there corresponds the product P Q of the corresponding operations of 
G , the groups G and G' are said to be simply isomorphic. 

Again, if the correspondence between the operations of a group G be such 
that to every operation P there corresponds a single operation P , while to 
the product PQ of two operations there corresponds the product P Q of the 
corresponding operations, it is said to define an isomorphism of the group G 
with itself. 

The elements P, Q, R, S,T, . . . . of a group are called independent if no one 
of them can be expressed as a product of powers of the others, — thus P is not 

expressible in the form Q a R b 8 C 

A group is said to be determined abstractly when we know the number of 
elements it contains, and the way in which any two combine by multiplication. 
Hence, the group is given abstractly by a set of generating elements, and certain 
independent and mutually consistent relations which they satisfy. Two groups 
G and G , having the same number of elements, combining according to the 
same laws abstractly considered, are one and the same group. 

Theorem. The order of the group of isomorphisms of a group G is equal 
to the number of ways that the group G can be made simply isomorphic with 
itself, and this is equal to the number of ways the generators can be chosen 
from the elements of G so that they will obey those laws, and only those laws 
which define the group abstractly. 

Let us suppose P, Q, R, S, . . . . are generators of a group G, satisfying 
certain relations, and P , Q , R , S , . . . . are elements of G satisfying pre- 
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cisely similar relations but no relations independent of these. Let these define 
the group G . Then an isomorphism (G ~G) of G exists in which P corre- 
sponds to P , Q to Q , R to R , etc. 

For G and G having the proper correspondence between their elements 
are simply isomorphic, but as the elements of G are also elements of G, this 
simply isomorphic property exhibits an isomorphism (G ~G) of G with itself. 
Hence an isomorphism of G exists, where P corresponds to P , Q to Q , etc. 

Now to each way of choosing the elements P , Q , R , . . . . of G , corre- 
sponds a distinct isomorphism of G. The symbol of an isomorphism defines 
an operation simply isomorphic with a substitution performed upon the elements 
of the group G, the totality of these operations forms a group * simply iso- 
morphic with the group of isomorphisms of the group G. Hence, the order of 
the group of isomorphisms is the number of ways of selecting the generators 
Po, Qo, Ro, etc. 

Our general method of procedure in the present problem is to take for the 
generating elements the most general operations in the group G, of order p*;- 
i. e., to assume the new generators in the form : 

P = P* Qv R*S W . . 
Q = PIQIRIS? .. 

Xl = C 2 (#2 "2 "2 • • 

S = Pi Ql Rl S% . . 



where P, Q, R, . . . . are the generators of G, to impose on the exponents the 
conditions necessary to make the new generators obey the defining relations 
of G, to subject the exponents to the conditions such that the new generators 
have no other relations existing among them. These conditions will be sufficient 
to insure that the new generators are independent, and so may be taken to 
generate the group. 

This method leads always to a set of congruences, the number of solutions 
of which, is the number of ways the new generators may be chosen and 
therefore gives the order of the group of isomorphisms of the group under 
consideration. 

The groups are considered in the order in which they are tabulated in 
Burnside, " Theory of Groups," pp. 87, 88, 89. Nine of the first ten groups 
require no separate investigation when p is an even prime. Number 7, how- 

* Burnside, "Theory of Groups," 156. 
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ever, requires an independent procedure when p is 2. The types of G pl which 
exist only when p is even are treated in the latter part of the paper. 

The transformation formulae have been developed by mathematical induc- 
tion, and are given for each non-abelian group. 

Certain applications to the theory of numbers in connection with the deter- 
minants which enter into the congruences for certain of the types is another 
interesting feature of the details of the paper. 

With the exception of three types, every group 6f order p 4 has a group of 
isomorphisms of an order of the general form N=p a (p — l) h (p + l) c . Two of 
the exceptions are of the form N—2p a {p — l) 6 (p + l)°. 

The notation in the paper is practically the same as in Burnside, "Theory 
of Groups." 

Section 1. 

P 4 =l. 
Let P =P a> be a new generator. It will generate the group provided x is 
prime to p. The group contains p s (p — 1) operations of order p 4 . Hence, 

N=p 8 (p— 1).* 

Section 2. 

P*> 3 =1, Q> = 1, Q- 1 PQ=P. 

Let P =P x Q y , Q =P Xl Q". Then, 

P? 3 = l, .-. x^O (modp),f (1) 

Q p =l, .'. %=0 (modp 2 ). (2) 

The conditions (1) and (2) are sufficient to insure the independence of the 
generators so far as their powers prime to p are concerned: 
Suppose PqQo = 1, where k^O (modp), 

hx-\-lcx 1 = (modp 3 ), 
% + %i = (modp). 

Since #=j£0 (mod p) and 0^ = (mod p 2 ), we must have 7i = (mod p 2 ), and 
hence, also, «/i = 0. 

Now, if 2/iEj£0 (mod p), the generators P and Q are independent, 

.•.^=£0 (modp). (3) 

There being no restrictions on y, there are p i (p — l) 2 ways of choosing the 

generators, 

.-. N = p i (p— l) 2 . 

* Throughout tho paper N denotes the order of the group of isomorphisms. 
f And no less power of P is unity. This will be understood hereafter. 
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Section 3. 

pp°=l, Q**=l, Q~ 1 PQ = P. 

Let P =P x Q y , Q =P*Q*. Then, 

x and y cannot be simultaneously = (mod p), 
x x and y x cannot be simultaneously = (mod p). 



Suppose P$Ql = l, h and k prime to p. This gives: 

hx-\-koc 1 -=0'\ , , 2 \ 

%+%Uoj (mod ^' 

.-. XXl s£0 (mod p 2 ). (1) 

y yx 

Condition (1) insures the independence of P and Q so far as their powers 
prime to p are concerned. Suppose now 

Po p Qo p = l, h' and k' prime to p. This gives: 



h' px-\-k' px x = 
h'py + k'py 1 = 0) 



V Vi 



(mod p 2 ), 
^O(modp). (2) 



Conditions (1) and (2) are sufficient to insure that P and Q generate the 
group. The number of solutions which satisfy (1) is 

p 3 (p 2 -l){p-l)(p 2 +p-l), 

and this is the number of ways a pair of generators of order p 2 may be ehosen. 
Of these solutions, the number which fail to satisfy condition (2) is 

p*(p-iy( P+ i). 

The number of ways of choosing the generators is 

N=p s (p 2 — l)(p— l)(p 2 +p— 1)— p 8 (p— l) s (p + l) = p 5 (p— l) 2 (p + l). 

Section 4. 
P? 2 =l, Qp = 1, Rp=1, Q~ l PQ=P, R~ l PR=P, Br 1 QR = Q. 

Let P , Q , R a be defined as above, 

Pf— 1, .\x£0 (mod p), (1) 

Qt = l,.:ae 1 ^0(modp), (2) 

R p = l, .'. x 2 = {modp). (3) 



144 
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Let Xi=x' p and x 2 =x"p. Then, 

%', y x and z x are not simultaneously = 
x" , y 2 and z 2 are not simultaneously = 

For, if they were, Q and R would be unity. 

Suppose P^QlBf — 1, k and m prime to p, 

hx-\-kpx' -\-mpx" ^0 (mod p 2 ), 
%+fo/i+m«/ 2 = 1 



(mod p). 



hz'-\-kz x -\-mz 2 = § 



(mod p). 



That this may be satisfied requires h = 0, and also 
Henee, we must have 

i£0 (mod p). 



tfiSft 

z x z 2 



2/1 y% 

S l S 2 



= (mod p). 



(4) 



The conditions (1), (2), (3), (4) are sufficient to insure the generators P , Q 
and R independent. 

There are p(p — l) 2 (p + l) solutions of (4) ; x has p(p — 1) values, x', x", 
y and z, each has p values, 

.;N = p e (p-l) s (p+l). 

Section 5. 
pp=Qp=Rp=8P=l, PQ = QP, RP=PR, PS=SP, QR=RQ, Q8=8Q,R8=SR. 
As before, P , Q , R , S are new generators. Since every operation of 
the group is of order p, these new generators satisfy the defining relations 
without condition. Suppose there is a relation PJ Q$R l So = 1. We get 



hx + kx x + lx 2 + mx s = 
% + %i + tyi + mya = 
fes + /tSi + te 2 + ws s — 
few -f kw x + lw 2 + mw s = 



(mod p). 



If these congruences do not co-exist, the new operations are independent, and 
will generate the group. The condition is fulfilled if 



X 


x x x 2 x s 


y 


yx y<L y% 


z 


z x z 2 z% 


w 


W x W 2 W>3 



£0. 



The number of sets of values which satisfy (1) is 

N = (p*—!) W-p) (P 4 —P*) (P*—P s ). 



(1) 
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Section 6. 
PP" = 1, Q> = 1, Q- 1 PQ = P 1 +r* 
The transformation formulae for this group are : 

p x Q*=Qvp x <- 1 +f», 

QV p* — pxO—p'ty) QV 

r Das QV1 & pkx—jk (k—l)xyp* r) hy 

Pf=l, .-. x£0 (modp), 
% = (mod p 2 ) . 



(1) 
(2) 
(3) 
(4) 
(5) 



yi»l (modp), i. e., y 1 =l. 



(6) 



Let x Y =x' p*. 

^;o "o Qo = Po > •'• 
Suppose now P%Q$ = 1. 

The application of transformation equation (3 ) leads to a set of congruences 
inconsistent with those obtained from the defining relations. Hence, 

N=p*(p — 1), whether p is odd or even. 

Section 7. 
pp"-=l, Qp=1, Rp=1, R~ 1 QR = QPP, QP=PQ, RP=PR. 

The transformation formulae for this group are : 

Q v R z =R*Q v P vz p, (1) 

P x QyR z =P x+vs PR z Q\ (2) 

\P X Q v ffi'\ k = pkv—hkW—VVzp QkV pkz /q\ 

Let P , Q and R be new generators. 

Pf=l, /. oo^O (modp), (4) 

(5) 
(6) 

(7) 
(8) 

(9) 

Let now P$Q%R l =l, and apply the transformation formulae (1), (2), (3). 
There results a congruence contrary to (9). Thus the defining relations of the 
group determine the conditions which insure that P , Q and R are independent. 
We have now to find the number of solutions of the congruences (4)-(9) in- 



Bl =1, . 


. Xy 

. X, 


= (modp), 
=0 (modp), 


Rq Pf> Bo == * > 


/, 


y yi 

z z z 


= (mod p), 


Vo "o Qo = Po) 


. 1 y yi 

1 Z Z x 


= (mod p), 


£*0 Vo^O — *K0*0> 


• • 


y\z x 
y z z 2 


= x (mod p). 
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elusive. (4) and (9) are the sufficient conditions that (7) and (8) have only 
zero solutions. Hence, the number of solutions is, when p is odd, 

N=p i (p— l) 2 (p + l). 

Suppose now that p = 2. In this case we have the congruences 

x^fcO, x 1 —y 1 z 1 =0, x 2 —y 2 z 2 =0, oc=z 2 y 1 —y 2 z 1 , y=z=0, all (mod 2), 

.-. N = 3 • 2 3 . 

Section 8. 
pp 2 = l, Q*> s =l, Q- 1 PQ=P 1 +p. 
The transformation formulae for this group are : 

P*Q«=Q«P x ( 1 +w, (1) 

Qvp* = pHi+P)->'QV ) (2) 

r px Qy-\ *;__ pkx— P(ft— l)xyp QhV (Q\ 

Neither x and y nor x x and y x can be simultaneously ^ (mod p). Else P and 
Q are not of order p 2 . 

Pf — 1 and <2g 8 = l, without any condition on the exponents. 

Qo 1 PoQo = Pl +p , ■'• y = 0, x^xy 1 —yx 1 (mod p). (4) 

Let Pq Ql — 1- This leads to a set of conditions inconsistent with the 
conditions obtained from the defining relations, 

.-. N = p 5 (p— 1). 

Section 9. 
pp*z=Qp=.Rp = l, PR=RP 1 +p, PQ = QP, RQ = QR. 
The transformation formulae are, for this group : 

p*R*=R*p*v+py, (1) 

R*P*=P*-**vR% (2) 

P x Q v R"—R z P x( - l+ ^Q v , (3) 

[P^P^^P^pH^ 2 ^] Q**'. (4) 

Pf=l. Hence, a;^0 (mod p), (5) 

gg=l. ^0(modp), (6) 

BJ=1. « 2 = (mod 2?), (7) 

Ro 1 P R =Pl +p . z 2 ^l(modp), (8) 

Po 1 Q Po = Qo. z 1 ^0(modp), (9) 

P^^o Ro = $0' This requires no further conditions. 

Let P*gjflJT = l. 
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The transformation formulae show that we must impose the further con- 
dition «/i^0, if the generators P , Q , R are to be independent. 

Hence, we have 

#1. =£0 (mod p). (10) 

The number of solutions of the above conditions is 

N = p e (p— l) 2 . 

Section 10. 

pp*=Qp=:Rr=l, B- 1 PR=PQ, PQ=QP, RQ = QR, 

The transformation formulas for this group are : 

P x R z = R z P x Q xz , (1) 

R Z P X = P X Q~ XZ R Z , (2) 

P x QvR z = R z P x Qv+ xz , ( 3 ) 

[P x Q«R Z ] k = R**P** Q h y+ m T Rxz , (4) 

Pf = 1, .-. x$0 (modp), (5) 

Ql=l, aisO(modp), (6) 

Rl=l, x 2 = (mod 2?). (7) 

Let x x —x'p and x 2 =x" p, 

Qo 1 PoQo=Po, ••• 3i = (modp), (8) 

Ti-ipjf_p n . { Vi = *H (modp), (9) 

*° ^Mo-Fo^, ..(^o (m0 dp 2 ). (10) 

Since z x = (mod p) and » x = 0, we must have 

yi ^0(modp), (11) 

and hence s 2 ^0(modp). (12) 

Let Pq Co -Bo = !• 1 1ne transformation f ormuhe applied to this give a set 

of impossible congruences. The above generators then are independent and 

whether p is odd or even 

N = p & (p— l) 2 . 

Sections 11, 12, 13, p>3. 
P?°=l, Qp=1, R* = l, Q- 1 PQ=P 1+ v, RPQ=PR, R~ 1 QR=P r vQ. 
The transformation formula? are : 

Q v R z =R z Q v P rvz P I 

R z QV = P~rvz v Qy Jfz j ( 1 ) 

P x Qv = Qv p»<i+j>)» | 

Qv p* = pz<.*+p)-* Qy J ' / 
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R e P x Q v = p x + e¥ ^f^P+ Z -^Y^rxp-rynp Qy-xz fit i^\ 

[P X Q V R Z \ k — P**- Hk ^ 1 ' ) *VP+ Hk ~Y 3 ik ~ 2) **zp+ Hk 2 1) • ** (X ~ V P+ r -f- [*(*- 1 >g*- 1 >^+*(*- ] )«] 

The above formulae hold for groups 11, 12 and 13, according as r is a non- 
residue (mod p) unity or zero. 

(1) r is a non-residue (mod p) . P , Q and R being the new generators : 

Pf=l, .-. x^O (modp), (1) 

Ql=l, .-. % = (modp), (2) 

R%=1, .'. x 2 = (modp). (3) 
Let x x = %' p and x 2 = x" p. 

Ro 1 P R =PoQo, ••• Vi = %Zz (mod p). (4) 

xy 2 —rzy 2 ~-z 2 ~-^—^ — - + ~^~% rx+z 2 ry=x'— rzy x (mod p). (5) 

O-ipn-pi+p • f% = 0(modp), (6) 

[ aj = X y l —rzy x (mod p), (7) 

Ho 1 QoRo=P r o p Qo, .'. » ^2/iS 2 (modp). (8) 

The above conditions are sufficient to insure that the new generators be 

independent. For a consideration of P$Q$R$=1, leads to a set of congruences 

inconsistent with the above. The above congruences yield 2p 4 (p— 1) sets of 

values. Hence, 

N = 2p'(p— 1). 

(2) r=l. Set r=l, in the above congruences, and again, 

N = 2p*(p— 1). 

(3) r=0. Set r=0, in the above congruences, and 

iV = 2p 5 . 

Sections 11, 12, 13, p = 3. 
P*> 2 =1, Q>=1, Rp=P*> a , Q~ 1 PQ=P 1 +p, R- i PR=PQ< } , R~ 1 QR = Q. 
The transformation formulas for these groups are : 

QV px — px(l+p)-v QV J V 1 / 

P x R' = R z P^-'Pp*^ Q^ x , 

R z p" = p^ep^=^ qv-op* R* / " 1 
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P* Qv R* - R* p—Hp&fS Qy+f>™, (3 ) 

The above formulas hold for groups 11, 12 aud 13, when p=3. 

(1) p=3, a=0, /3 = 1. P , Q and R being the new generators. 

Pg = l, .-. aH-a?s£0 (mod 3), (1) 

©5 = 1, .'. arH-afo^O (mod 3), (2) 

BS=1, /. « 2 + a;|0 2 = O (mod 3). (3) 

Qo 1 PoQo=Pl +s , .-. «%-^e^0 (mod 3), (4) 

x+^B^xy x — x iy +z°^^l— Sl ^=H(mod3), (5) 

Ro 1 P R =PoQo, .'. %^0 (mod 3), (6) 

2/j — x^z^z^x — a/ 2 3(mod3), (7) 

- ri _3- r ^ +3s a; i(^- 1 ) ^3^ 2 -3^+3 g ir2(a;2 2 ~ 1) -3s 2 ^fci) (mod 9), (8) 

Ro 1 QoRo=Qo, .'. 3^2 = (mod 3), (9) 

*i«/2— *22/i— ^^i-^^o — ^0(mod3). (10) 

Before solving the above congruences can be reduced to the equilent teavs 

x=/=0, % = 0, * x = 0, x 2 = 0, z 2 ^0, x-\-x 2 z = xy 1 , y x ?=xz 2 , y^O, 

( x ±\ 

x' = xy 2 +s 2 x± — ^ — '-, all taken (mod 3). 

The congruences obtained from P£ Q k R l =l are not consistent with those 
obtained from the denning relations. Hence, P , Q and R are independent, 
without further condition 

A 7 = 2 2 3 4 . 

(2) p=3, a=l, 0=-l. 

P 9 = £ 3 = l, P 3 = P>, Q-ipQ = pi+S j R~ipR = PQ-\ QR=RQ. 

P%=1, .'. x—x 2 z+z ^0 (mod S), (1) 

# 3 =1, .-. *!— x 2 z+s 1 = (mod 3), (2) 

Rl—Pl, .'. x 2 — x\z 2 +z 2 = x— x 2 z+z (mod 3), (3) 

Qo 1 PoQo=P 1 o +3 , .'. s^—a^^O (mod 3), (4) 

a— a?«+« = ^- ^y+s^ifcll—^a;!^!) (mod 3), (5) 

Ro 1 P R =P Qo 1 , ••• %^0 (mod 3), (6) 

y x = z 2 x— x^z (mod 3), (7) 

-(%+3i) ^3a;j/ 2 -3a; 2 y+3g 2 ^ (a; ~ 1) -3g^ 2 ^ 2 ~ 1 ) ( mo d 9), (8) 

Ro i Q Ro = Q , .'. x 2 y,^0 (mod 3), (9) 

.-. a 2 = and y^O (mod 3). (10) 
19 
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Let z x = 3 z', x x = 3 x', x 2 = 3 x" . 

A consideration of P\Q\R^=\ gives no further conditions to be imposed 
on the exponents to insure the independence of P , Q , R . 

The above congruences can be reduced to the equivalent set y x ^0, x 2 = 0, 

#! = (), z x = 0, 2 2 ^=0, x^O, x — x 2 z-{-s = z 2 , xyi = ® — x*z-\-z = z z , yi = z 2 x, 

x'+z' = — xy 2 — z 2 x- — ^ — -, all (mod 3), 

Li 

.-. N = 2 • 3 s . 

(3) p=3, a=-l, = -l. 
P 9 =l, <g 3 =l, B?=P- S , Q~ l PQ=P 1 + 8 , R~ 1 PB=PQ- 1 , RQ = QR. 

P 9 =l, x— x*z— z^O (mod 3), (1) 

<2 3 =1, a?!— a 2 — s = (mod 3), (2) 

Pg=-P?, x 2 — x\ — z 2 = — x+x 2 z+z (mod 3), (3) 

Qo 1 P Q=P l o +8 , xy^x-x'z-z (mod 3), (4) 

JV P P =P Qr 1 , .'. z x — (mod 3 ) , (5) 

«/j = s 2 # — a; 2 « (mod 3 ) , ( 6 ) 

g'— x' = xy 2 — x 2 y+z 2 x ±^ '- — zx 2 ^ 2 ~ * (mod 3), (7) 

R^Q R = Q , .: x 2 y x ^0 (mod 3). (8) 

Now, 2/i^0 (mod 3), else P and Q are permutable operations, 

.-. x 2 = 0, z 2 ^=0. 
The relation PftQ* R l Q = l gives no further conditions. Hence, the above 
relations are sufficient for the independence of P , Q , R Q . The above con- 
gruences reduce to the simpler set x x = 0, z x = 0, a? 2 s 0, s 2 =j£ 0, y x g£ 0, a; ^ 0, 

(/j; i) 

y x ^z 2 x, z 2 z=x — x 2 z — z, xy x = z 2 = x — x*z — z, z' — x' = xy 2 + z 2 x — ^ — > 

all (mod 3), and where x x = 3x', x 2 = 3x", s 1 = 3z'. We easily deduce from 
the above # 2 s=l, z 2 z=x+z, y x ^l + xz, and find the number of solutions to be 

N = 2 2 • 3 7 . 

Section 14. 
pp=l, Qp=l, Rp=l, S*=l, R~ 1 PR=P, R~ 1 QR=Q, Q- 1 PQ=P, 5~ 1 P5'=P, 

S~ 1 QS=Q, S^RS^RP. 
The transformation formula? are : 

R Z S W =8 W R Z P WZ , (1) 

S W R Z =P-""R*S W , (2) 

P* Q 8 ' P* 6™ = P x+wz Q y 8 W R z , ( 3 ) 

[P x QyR z 8 w Y=P hx - h ^ lwz Q hv R kz 8 kw . (4) 
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Every operation of the group is of order p, p being an odd prime. 
Pg = Qg=Bg=^=l without restriction on the exponents. 

S-tRS-RP ■ r«"-e = y«0, (5) 

[ x = w 3 s 2 — s 3 w 2 gE0, (6) 

So 1 Q So=Qo, ■'• w s z x — SgWi^O, (7) 

So 1 P S =P , .*. w s s— 3 tt> = 0, (8) 

Ro 1 Q Ro=Qo, ••• W2 0J— z 3 w 1 ^0, (9) 

R^PoRo^Po, .'. w 2 z— z 2 w = 0, (10) 

Qr 1 -PoCo = -Po> •'• W a 0— Z t W = 0. (11) 

The relation P%Q§R l Sg = l gives a set of congruences which cannot be 
satisfied if we impose the further condition 

yiffeo, (12) 

This last condition, t/i^O, together with those obtained from the defining 
relations, insures P Q , Q , R , S independent. The number of their solutions is 

N = p°(p-l) s (p + l). 

Section 15, p > 3. 

Pp=Qp=Rp=S p =1, S- 1 RS=RQ, 8~ 1 QS=QP, S-'PS^P, R~ 1 QR = Q, 

R~ 1 PR=P, Q~ 1 PQ=P. 

The transformation formulae are : 

QvS w =S w Q v P wy , (1) 

B*S W =S W R*Q WZ P W ^ Z , (2) 

Pl = Ql=Rl=8l = l, without restrictions. 
So 1 P S =P , /. w 1 = z 1 = y 1 = w i z i = 0, a>£0, (4) 

^^0^0 = ^0, ••• W 2 = ^ = 2/2^3 = 0, (5) 

So 1 Q So=Q Po, .*. <fi^ytw t , (6) 

r«/ 2 = w 4 s , (7) 

9fB.S.=B,<t., ,. | ^ _ fcW#+Kk i-^a^. (8) 

Q^ 1 P Q =P . This is satisfied without restriction. 

The relation P$ Qo R l o S™ = 1 is impossible from the above conditions. 
The generators P , Q , R , S are independent, and the number of solutions 
of the above conditions is 

N = p i (p—1)\ 
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Section 15, p = 3. 
Pp 2 =Qp=Rp=1, Q~ 1 PQ=P, R~ 1 PR=PQ, R-*QR=P*i»- 1 '>Q. 

The transformation formulas are : 

Q»R z =R z P zvHPl> Q 1 >, (1) 

P x R s =R z P x + xz(j ^ np - 1) Q xs , (2) 

p% Qy R z ^R" P x + xz ^y^p(v— i)+*yp(p— i) Qv+ X!l IQ\ 

\P X Q" R z ~\ k = pkx+pQ^ x0k ( k -V( 2k -V +py^xzkV°^-p(p-l)pzk&=£ Qky-xzlc&^l ^te _ i^\ 

H = l, .-. tf^O, (5) 

Q» = l, .-. a^O, ^=3*', (6) 

US=1, .-. « 2 — 0, * 2 =3a;", (7) 

R^Q R =P^, .-. 2(y 1 « 1 -y,e 1 ) «(2+s 2 ), (8) 

U-0, (9) 

i?3" x Po B = Po#o, •'• - #i = a>Sj, (10) 

«s 2 (s 2 — l) + 2[t/2 2 — 0«/ 2 +2/ x 0] = «', (11) 

Q^PoQo^Po, .'. y 1 s^0. (12) 

The relation PJ QJ JBq = 1 leads to a set of congruences inconsistent with 
those obtained from the defining relations of the group. 

The above congruences are all (mod 3). The number of solutions is 

N = 540. 

Section 16. 

The order of the groups of isomorphisms of the abelian groups is the 
same whether p is an odd or even prime, and so requires no further investi- 
gation. The order of the groups of isomorphisms of the non-abelian groups 
in Sections 6, 8, 9, 10 holds when p is odd or even. The group Section 7 
required independent investigation when p is even. The following sections are 
given to the investigation of groups which exist only when p = 2. 

Section 17. 
P*=l, Q*=l, R*=l, Q- 1 PQ=P~ 1 , Q 2 =P 2 , QR=RQ, PR=RP. 
The following transformation formulae hold : 

P x Qv = Qvp x V+w\ (1) 

[P x Q«] h — pkx-^yh^n Qky^ (2) 

{P x Q y R z Y=P hx - 2xyh(± r 1 Q hv R kz . (3) 

P* = Qo=l, without condition. 
Pl = Ql, .-. os—xy + y = x 1 —x 1 y 1 +y 1 ^0 (mod 2), (4) 
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Rl = l, .'. x 2 — #22/2+2/2 = (mod 2), (5) 

Qo 1 PoQo=Po 1 , ••• xy 1 —x 1 y^ x—xy+y (mod 2), (6) 

Ro 1 Q Ro=Qo, ••• #i«/2— #22/i = (mod 2), (7) 

Ro 1 P Q =P , .: xy 2 — x 2 y = (mod 2). (8) 

Now, (6) is the condition that (7) and (8) have only zero solutions for 

x 2 and y 2 , 

.'. x 2 = 0, 2/2 = (mod 2). (9) 

Suppose the relation to exist 

"o Vo "o ^ -••• 

This requires s 2 = (mod 2). Hence, if s 2 $=0, the above generators are 

independent, 

.-. s 2 ^0 (mod 2). (10) 

The number of solutions of these congruences is : 

N = 3 • 2 7 . 

Section 18. 
P"=l, # 2 =1, Q- 1 PQ=P~ 1 =P 7 . 

p*Qv = Qvp*<?+*v+*v*} } (1) 

Q»p*_p*(l-4iH-S»«) g^ (2) 

rp» ngn *_pto+2»y r t(fc ~ i y 2 *~ 1) y-t(t-i)-i n*» # (3) 

There are four operations of order 8, and they are the odd powers of P 

Let 

Po=P% 

Qo=P x > Q, 
and it is easy to see that 

N = 2\ 

Section 19. 

i»=l, Q 2 =l, Q-"PQ=P*. 

p x Qy=Qyp x < 1 + 2 v 2 \ (1) 

g»P» = P*(i+2»*)g» > (2) 

rps Qy-i »__pto+2fc (fc ~ 1) < 2fc ~ 1) a.-y2 Qfcy /g\ 

There are only four operations of order 8, and they are the powers of P, not 

congruent to zero. Let 

P = P", 
Q =p*iQyi. 

Pl=[P*f=P** = l, .-. a;^0 (mod 2). (4) 

Ql=l, /. i,(l|sl) s fl (mod 4). 
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Since y 1 ^Q, for if it were P and Q would be dependent, we must have 
% = () (mod 2) and t/i^l (mod 2). Hence, 

N = 2 4 . 

Section 20. 
P 8 =l, Q*=l, Q- 1 PQ=P- 1 =P\ Q 2 =P\ 

p* Qy — Qy pss(l+iy+2y*) Q\ 

fP* O y 1 " = p* x +**v r * ( *~ :1) 8 (2 *~ 1) y-fc (*— i) I n*« 4 (3) 

There are four operations of order 8, and they are the odd powers of P. 

Let 

P =P», 

Qo=P Xl Q, 

Pl=l, .\ x£0 (mod 2), (4) 

Qi=l. This is satisfied without condition. 

Ql-Pt, ;. x^l (mod 2). (5) 

N = 2 5 . 



